Abstract. We introduce the notion of double cosets relative to two fusion subcategories of a fusion category. Given a tensor functor F : C → D between fusion categories, we introduce an equivalence relation ≈ F on the set Λ C of isomorphism classes of simple objects of C, and when F is dominant, an equivalence relation ≈ F on Λ D . We show that the equivalent classes of ≈ F are cosets. We also give a description of the image of F when it is a normal tensor functor, and we show that F is normal if and only if the images of ≈ F equivalent elements of Λ C are colinear. We study the situation where the composition of two tensor functors F = F ′ F ′′ is normal, and we give a criterion of normality for F ′′ , with an application to equivariantizations. Lastly, we introduce the radical of a fusion subcategory and compare it to its commutator in the case of a normal subcategory. We also give a description for the image of a normal tensor functor between any two fusion categories.
Introduction
In this paper we introduce the notion of double cosets in a fusion category relative to two fusion subcategories, which generalize double cosets in a group relative to two subgroups, and we use this notion to study tensor functors between fusion categories. Double cosets can be studied in terms of the corresponding regular elements in the Grothendieck ring of the fusion category.
We show that a tensor functor F : C → D between fusion categories gives rise to two equivalence relations: one, denoted by ≈ F , on the set of simple objects Λ C of isomorphism classes of simple objets of C, and another (if F is dominant), denoted by ≈ F , on the set Λ D of simple objects of D. These equivalence relations are the categorical analogues of those introduced by Rieffel in [14] for the restriction functor attached to an extension of semisimple rings. We prove that the equivalence classes for ≈ F are left (and right) cosets relative to a certain fusion subcategory of C.
In the special case of a normal tensor functor (a notion introduced in [3]); we give a description of images of objects under normal tensor functors F : C → D. In particular, we show that normal functors are characterized by the fact that objects in the same equivalence class in Λ C have colinear images in the Grothendieck ring of D. A similar result holds for the equivalence classes in Λ D when F is dominant.
We study the situation when a composite of tensor functors F = F ′ F ′′ is normal; we show that if F ′′ is dominant and and F normal then F ′ is also normal. We also give a criterion of normality for F ′′ in Theorem 5.1. As an illustration, we apply this result to equivariantizations. Denote by C G the equivariantization of a fusion category C under the action of a finite group G by tensor autoequivalences; it is again a fusion category under some reasonable hypotheses (e. g. over C). We obtain that if H is a subgroup of G, then the restriction functor C G → C H is normal if and only if H is a normal subgroup of G, and in that case, C G is equivalent to (C H ) G/H for a certain action of G/H on C H by tensor automorphisms.
Lastly, by analogy with ring theory, we define the radical of a fusion subcategory of a fusion category C. We show that the radical of a normal subcategory coincides with its commutator (defined in [11] ). Recall that a normal subcategory D of a fusion category of C (as defined in [3] ) is the kernel of a normal tensor functor F : C → E from C to another fusion category E. The kernel of F is the full subcategory of C consisting of all objects whose image by F is a multiple of the unit object. This paper is organized as follows. In the first section we recall known facts facts about fusion categories and tensor functors which we need. In Section 2 we define double cosets in a fusion category C relative to two fusion subcategories D and E, and give the corresponding decomposition of C into indecomposable bimodule categories, and also the corresponding decomposition of the regular virtual object of C in the Grothendieck ring. In Section 3, we introduce and study two equivalence relations ≈ F and ≈ F attached to a tensor functor F . In fact ≈ F is a coset equivalence relation (Proposition 3.3). In Section 4 we give a description of the image of simple objects under a normal tensor functor, and a new characterization of normal functors. In Section 5, we study the situation where the composition of two tensor functors F = F ′ F ′′ is normal, and in particular, a criterion of normality for F ′′ , with an application to equivariantizations. In Section 6 we introduce the radical of a fusion subcategory, and compare it to its commutator in the case of a normal subcategory.
Preliminaries
In this section we recall the basic facts on fusion categories and tensor functors that are needed in this paper.
1.1. Fusion categories. Let k be a field. A fusion category over k is a k-linear semisimple monoidal rigid category C with finitely many isomorphism classes of simple objects, finite dimensional homomorphism spaces, such that each simple object S is scalar (that is, End(S) = k) and the unit object 1 of C is simple.
We refer the reader to [9] for more details on fusion categories. A fusion subcategory of a fusion category C is a full replete monoidal subcategory of C which is also a fusion category.
In a fusion category C, the left and right duals * X and X * of an object X are isomorphic (but it is still not known whether there always exists a sovereign structure, that is a natural monoidal isomorphism between the two duals).
Denote by Λ C the set of isomorphism classes of objects of C, and by Inv(C) ⊂ Λ C the set of isomorphism classes of invertible objects of C (which is a group for the tensor product). If X is an object of a fusion category C, we denote by X the smallest fusion subcategory of C containing X.
An object of C is trivial if it belongs to 1 , that is, if it is isomorphic to 1 n for some n ∈ N. The Grothendieck ring K 0 (C) of C is the free Z-module
equipped with the product defined by the tensor product of C (if X is an (isomorphism class of) simple object of C, we denote by [X] the corresponding basis element of K 0 (C)). A virtual object of C is an element of the ring K 0 (C) C = K 0 (C) ⊗ Z C, that is, a formal complex linear combination of elements of Λ C .
Duality induces an involution ?
. For a simple object X let FPdim(X) denote the Frobenius-Perron dimension of X, that is, the Frobenius-Perron eigenvalue of the left multiplication by [X] on the Grothendieck ring K 0 (C). It is a positive real algebraic number. The Frobenius-Perron dimension extends linearly to an algebra morphism FPdim :
The regular virtual object of C is the virtual object:
and the Frobenius-Perron dimension FPdim(C) of C is the FrobeniusPerron dimension of R C , that is:
The regular virtual object satisfies
for any x ∈ K 0 (C) C (see [9] ). In particular R
Denote by m C the Z-bilinear form on the Grothendieck ring K 0 (C) defined by
The bilinear form m C has the following properties:
(1) symmetry:
We also denote by m C the extension of this form to a C-bilinear form on the ring K 0 (C) C of virtual objects of C.
Given any subset A ⊂ Λ C , we denote by R A the virtual object
In particular R C = R Λ C . Given a k-linear functor G : C → C ′ between fusion categories, we denote by
1.2. Tensor functors between fusion categories. A tensor functor F : C → D between two fusion categories C and D over a field k is a strong monoidal k-linear functor F : C → D.
Let F : C → D be a tensor functor between fusion categories. The kernel of F is the fusion subcategory Ker F ⊂ C consisting of all objects X of C such that F (X) is trivial. It is endowed with a canonical fiber functor ω : Ker F → Vec k , X → Hom D (1, F (X)). Hence, by Tannaka reconstruction, one obtains a finite dimensional Hopf algebra H over k such that Ker F ≃ comod − H (see [3] for more details).
We say that F is dominant if for Y ∈ Λ D there exists X ∈ Λ C such that Y is a factor of F (X). The dominant image of F is the fusion subcategory D ′ ⊂ D generated by the image of F ; and F is dominant if and only if D ′ = D. Note that F can always be factorized as a dominant functor C → D ′ , followed by the inclusion D ′ ֒→ D. We say that F is normal (a notion introduced in [3]) if for any X ∈ Λ C such that F (X) contains the unit object 1, F (X) is trivial (that is, isomorphic to 1 n for n ∈ N). In that case, the Hopf algebra H is called the induced Hopf algebra of F .
Note that a tensor functor between fusion categories admits a left adjoint and a right adjoint. Let us denote by R the right adjoint of F . Then F is dominant if and only if R is faithful, and F is normal if and only if F R(1) is trivial. The object A = R(1) is an algebra in C, called the induced algebra of F . Moreover, we have canonical natural isomorphisms for X in C, Y in D: 1.3. Exact sequences of fusion categories. The notion of an exact sequence of tensor categories, introduced in [3] for tensor (not necessarily semisimple) categories, generalizes the classical notion of an exact sequence of groups and the notion of an exact sequence of Hopf algebras due to Schneider. Here, we restrict our attention to fusion categories.
An exact sequence of fusion categories is a diagram of tensor functors between fusion categories
(1) i is fully faithful; (2) F is normal and dominant; (3) the essential image of i is Ker F . We will use the following result on exact sequences (multiplicativity of Frobenius-Perron dimensions): 
and equality holds if and only if (E) is an exact sequence.
Interesting examples of exact sequences are provided by equivariantizations. Let G be a finite group, and C be a fusion category. An action of G on C by tensor autoequivalences is a strong monoidal func-
Given such an action, let C G be the equivariantization of C under the action of G. Recall that the objects of C G are pairs (X, r = (r g ) g∈G ), where X is an object of C, and the r g 's are isomorphisms r g : ρ(g)(X) → X satisfying certain compatibilities (see [12] for more details). The equivariantization C G is a tensor (in general, not fusion) category, and the forgetful functor U G : C G → C, (X, r) → X is a tensor functor. The tensor category C G is a fusion category provided k is algebraically closed and its characteristic does not divide to the order of G.I n that case, a detailed description of the simple objects of C G is provided in [6] .
As shown in [3] , in that situation F is normal dominant, Ker F can be identified with Rep(G), and we have therefore an exact sequence of fusion categories:
We say that a tensor functor F : C → D between fusion categories is an equivariantization if there exists a finite group G acting on D by tensor autoequivalences, and a tensor equivalence
In [3, 2], several criteria are given for a tensor functor to be an equivariantization, notably in terms of central exact sequences.
An exact sequence (E) C ′ −→ C F −→ C ′′ of fusion categories is central if, denoting by A = (A, σ) the induced central algebra of F , the forgetful functor Z(C) → C induces an equivalence of categories A → A .
In the fusion case, we have the following Proof. This results directly from [2] , Proposition 3.2, combined with [2] , Theorem 3.6.
1.4.
Module and bimodule categories. The notion of a module category is a categorification of the notion of a module over a ring.
If C is a monoidal category, a left module category over C is a plain category M endowed with a strong monoidal functor ρ : C → End(M). In other words, it is a category M with a action bifunctor ⊗ : C ×M → M with an associativity constraint a U,V,M : U ⊗(V ⊗M) ∼ = (U ⊗V )⊗M and a unit constraint 1 ⊗ M ∼ = M satisfying a pentagon and a triangle coherence axiom, see [13] .
We will restrict ourselves to the case where C is a fusion category over a field k, M is a k-linear semisimple abelian category, and the action bifunctor is k-linear in each variable. Such a module category is indecomposable if M is not a direct sum of two nontrivial module subcategories.
Let C and D be fusion category. Denote by ⊠ the tensor product of abelian categories introduced in [7] . A (C, D)-bimodule category is a left C ⊠ D rev -module category. Here D rev denotes D with opposite monoidal structure.
Coset decompositions for fusion categories
2.1. Double coset decomposition for fusion categories. Let C be a fusion category and D, E be two fusion subcategories of C. Define a relation ∼ on Λ C by
Observe that we have X ∼ Y if and only if
where R D and R E denote the regular virtual objects of D and E. Proof. Let X ∈ Λ C . Since the unit object of C belongs to D and E, we have X ∼ X, which proves the reflexivity of 
where the D i 's and the E j 's are (isomorphy classes of) simple objects of D and E respectively, and Z, being simple, is a factor of one of the D i ⊗ X ⊗ E j 's, which shows that X ∼ Z. Therefore ∼ is transitive.
From now on, the equivalence relation ∼ will be denoted by r 2.2. The regular virtual object of a double coset. Let C be a fusion category, and D, E ⊂ C be two fusion subcategories. If B is a D-E double coset, set
and recall the notation
Let B 1 , . . . , B l be the list of all double cosets, so that we have
and denote by T the operator on
Recall from [10] that a matrix A ∈ M n (C) is called indecomposable if the set I = {1, 2, · · · , n} cannot be written as a disjoint union I = J 1 ∪ J 2 with J 1 = ∅ and J 2 = ∅, in such a way that a uv = 0 whenever u ∈ J 1 and v ∈ J 2 . . The entries of the matrix are real non-negative because the coefficients of R D and R E are real nonnegative. Thus, the Frobenius-Perron theorem (see [10] ) applies to the matrix of T B : its spectral radius λ is an eigenvalue (the FrobeniusPerron eigenvalue), and the corresponding eigenspace has dimension 1 and is generated by a vector x with positive coordinates. In particular FPdim(x) is positive.
We have T B x = R D x R E = λ x, and, taking Frobenius-Perron dimensions we obtain FPdim(
On the other hand, we have 
FPdim(E)y, so by Proposition 2.6, y = tR B for some scalar t. We have FPdim(y) = FPdim(D)FPdim(E)FPdim(X) = tFPdim(R B Remark 2.9. The theory above allows one to extend the notion of double cosets for Hopf subalgebras from [4] to double cosets for coquasi Hopf subalgebras of a given co-quasi Hopf algebra.
We denote by r C, r E (resp. r C, l E ) the equivalence relation r be a G-graduation of C, for some finite group G. Assume that the graduation is faithful, that is, all C g 's are non-zero. Then each C g is both a left and a right coset subcategory with respect to C 1 . Indeed, let X, Y ∈ Λ C . If X and Y belong to the same left coset, there exists Z ∈ Λ C 1 such that Y is a factor of Z ⊗ X, so X and Y have same degree. Conversely, if X and Y have same degree, then Y is a factor of Y ⊗ X * ⊗ X, with Y ⊗ X * of degree 1, so X and Y belongs to same the left coset. This shows that the C g 's are left coset subcategories. Similarly, they are right coset subcategories.
In particular, the fusion subcategories of C containing C 1 are in bijection with the subgroups of G.
Two equivalence relations associated with a tensor functor between fusion categories
Let F : C → D be a tensor functor between fusion categories, and denote by R its right adjoint.
We have X ∈ Y F ⇐⇒ Y ∈ X F ⇐⇒ X is a factor of R(Y ).
Remark 3.1. Note that F is dominant if and only if Λ
F is clearly reflexive and symmetric. However, it is not transitive in general:
Example 3.2. Denote by S n the n-th symmetric group. The standard inclusion S n ⊂ S n+1 defines by restriction a tensor functor from the category of CS n+1 -modules to the category of CS n -modules. It follows from Theorem 6.19 of [5] that ∼ F is not an equivalence relation.
Denote by ≈ F the transitive closure of ∼ F , which is an equivalence relation on Λ C . Proof. Let A = R(1). Recall from Section 1.2 that we have for all X in C: RF X ≃ A ⊗ X ≃ X ⊗ A. In particular, the left and right cosets with respect to A = A coincide.
On the other hand, for X, Y ∈ Λ C we have
A Y . Conversely, assume Xr C,r A Y . That means that there exists Z ∈ Λ A such that Y is a factor of Z ⊗ X. Now the simple objects of A are the simple factors of A ⊗n and their duals. If Z is a factor of A ⊗n with n ≥ 0, one verifies by induction on n that X ≈ F Y . The case where Z is a dual of a factor of A ⊗n reduces to the previous case, since X is a factor of Z * ⊗ Y . Thus X r
An equivalence relation on
′ if there exists X ∈ Λ C such that F (X) contains both Y and Y ′ as factors. One observes immediately that ∼ F is symmetric, and it is reflexive if and only if F is dominant. In general ∼ F is not transitive.
If F is dominant, we denote by ≈ F the transitive closure of ∼ F , which is an equivalence relation on Λ D .
Example 3.4. Consider K a Hopf subalgebra of a semisimple Hopf algebra H and let F be the restriction functor F : Rep(H) → Rep(K). Then in the paper [5] , the equivalence relation ≈ F was denoted by u H K and the equivalence relation ≈ F by d H K . As explained in [5] these equivalence relations are similar to the equivalence relations introduced by Rieffel in [14] . They arise from the restriction functor attached to an arbitrary extension of semisimple rings in [14] .
Proposition 3.5. Let F : C → D be a dominant tensor functor between fusion categories. Denote by
A 1 , . . . , A l (resp. B 1 , . . . , B l ′ ) the equivalent classes of the relation ≈ F (resp. ≈ F ) on on Λ C (resp. Λ D ). Then l = l ′ ,
and after reindexing the B j 's we have
.
Proof. The proposition results from the following two lemmas.
Lemma 3.6. Let F : C → D be a dominant tensor functor between fusion categories. Then:
Proof. The first identity is proved in [9] . Now
Lemma 3.7. Let F : C → D be a dominant tensor functor between fusion categories. Let X, 
As a result, F induces a bijection
Λ C / ≈ F → Λ D / ≈ F , defined by A → A F ,
Normal tensor functors
In this section we study the previous equivalence relations when F is normal (in the sense of [3] ). Recall that a tensor functor F : C → D between fusion categories is normal if for any simple object X of C, 
Recall that Ker F is the fusion subcategory of all objects X of C such that F (X) is trivial (that is, F (X) = 1 FPdim(X) ). 
If in addition F is dominant, ∼ F is an equivalence relation on
This proves that ∼ F is equal to r C, l ker F
; it is also equal to r C, r ker F by reason of symmetry, and to ≈ F because it is already an equivalence relation. Now assume
We have just seen that this implies 
(i) =⇒ (ii) and (iii) because if F is normal, by Theorem 4.2 the X F 's and the Y F 's are equivalence classes for ∼ F (resp. ∼ F ).
The above Corollary can be regarded as an analogue of the fact that a Hopf subalgebra is depth two if and only if it is normal. See [5] for a proof in the context of Hopf algebras. 
. F is dominant, and let B 1 , . . . , B l be the equivalence classes of
Now assume in addition that
Proof. 1) Let X ∈ A i . By Theorem 4.2, the A i 's are the left cosets relative to the fusion subcategory Ker F . In particular, the class of 1 is Ker F . Relation (2.1) implies that
Applying F ! , and noting that
, we obtain the formula of Assertion (1).
2) An immediate consequence of the first assertion is that
On the other hand, if X, The following Proposition, which is a straightforward consequence of Theorem 4.2 and 2.1, can be seen as a generalization of the fact that left and right cosets of a normal subgroup coincide. Its analogue for Hopf algebras was proven in [4] . 
Normality and composition of functors, with an application to equivariantizations
In this section, we study the following question: if the composition of two tensor functors is normal, what can be said about each functor? We apply our result to the special case of equivariantizations. 3] ).
Theorem 5.1. Consider a commutative triangle of tensor functors between fusion categories:
, so, F being normal, F (X) is trivial. From the key fact, we draw two consequences:
′′ is dominant; and the key fact insures that X ∈ Ker F .
Denote by i the inclusion Ker F ′′ ֒→ Ker F , and consider the sequence of tensor functors:
where F ′′ 0 is dominant and Ker F ′′ is its kernel. We may apply Proposition 1.1: we have
and equality holds if and only if (E) is an exact sequence, that is, F ′′ 0 is normal. This shows (ii) ⇐⇒ (iii).
Assertion (2) . Recall that the induced central algebra A of F is defined as follows. See [3] for details, and [1] for a more general account (with the dual point of view). Denote by R ′ , R ′′ the right adjoints of F ′ and F ′′ respectively, so that R = R ′′ R ′ is right adjoint to F . Let
′′ be the monad of the Hopf monoidal adjunction (F, R). ThenT is a monoidal monad on E. Let A =T (1). For X an object of E, define morphisms u X : A ⊗ X →T (X) and v X : X ⊗ A → T (X) by the commutativity of the following diagrams:
where η is the unit of the monadT , andT 2 is its monoidal structure. Then u X and v X are in fact isomorphisms (because the adjunction (F, R) is Hopf). Define an isomorphism σ : A ⊗ id E → id E ⊗A by
Then σ is a half-braiding in E, and A = (A, σ).
Similarly, A ′′ = (A ′′ , σ ′′ ) is defined in terms of the monoidal monad
T ′′ →T which is clearly a monoidal morphism of monads. In particular, f 1 is an algebra morphism A ′′ → A. Moreover, since σ and σ ′′ are defined in terms of the monoidal monad structures ofT andT ′′ , which are preserved by f , one verifies easily that (X ⊗ f 1 )σ , that is, |G/H| = |G/H|, which is equivalent to H = H, in other words H is normal in G.
Now assume H is normal in G. In addition to the exact sequence:
we have a second exact sequence of fusion categories:
The induced Hopf algebra of (E) is k G , and that of (E ′′ ) is k G/H . According to the equivariantization criterium of Theorem 1.2, (E) is a central exact sequence. Let A = (A, σ) and A ′′ = (A ′′ , σ ′′ ) denote the central induced algebras of F and F ′′ respectively. Centrality of (E) means that the forgetful functor A → A is an equivalence of categories. By Assertion (2) of Theorem 5.1, A ′ is a subalgebra of A, so that A ′′ is a fusion subcategory of A . The forgetful functor A ′′ → A ′′ is full and dominant, so it is an equivalence, which means that (E ′′ ) is central. Now, again by Theorem 1.2, (E ′′ ) is an equivariantization exact sequence, with group G/H, and we are done.
On the radical and commutator of a normal fusion subcategory
In this section we introduce the radical of a fusion subcategory and compare it to the commutator in the case of a normal fusion subcategory.
Let C be a fusion category, let and D be a fusion subcategory of C.
The radical of D in C, denoted by rad C (D), is the full abelian subcategory of C generated by the simple objects X of C such that X ⊗n belongs to D for some integer n > 0.
The commutator of D in C, denoted by D co , is the full abelian subcategory of C generated by the simple objects X of C such that X ⊗ X * belongs to D. This notion is introduced in [11] .
Note that if K 0 (C) is commutative (for example C braided) then D Let E be the full abelian subcategory of C generated by the simple objects X of C such that F (X) = M n , with M invertible and n ≥ 0. Then D co = rad C (D) = E. In particular, D co and rad C (D) are fusion subcategories of C.
Proof.
Observe that E is a fusion subcategory, because clearly a simple factor of the tensor product of two simple objects of E, 1, and the dual of a simple object of E, all belong to E.
In order to show the inclusion D co ⊂ E, we will need the following Lemma 6.2. Let C be a fusion category, and X ∈ Λ C . The following assertions are equivalent: (i) X is a multiple of an invertible object of C;
(ii) There exists n > 0 such that X ⊗n is trivial.
Proof. (i) =⇒ (ii) because Inv(C) is a finite group, so invertible objects of C have finite order. (ii) =⇒ (i). Assume X ⊗n is trivial for some n > 0, and let us show that X is a multiple of an invertible object. We begin with the case where X is simple. Since 1 is a factor of X ⊗ X ⊗n−1 , X * is a factor of X ⊗n−1 , X ⊗ X * is a factor of X ⊗n and in particular X ⊗ X * is trivial. Now m C (1, X ⊗ X * ) = m C (X, X) = 1, so X ⊗ X * = 1, that is, X is invertible. Now for the general case. Let M be a simple factor of X. Since X ⊗n contains M ⊗n , M is invertible. Let N be another simple (also, invertible) factor of X. Then M ⊗n contains M ⊗n and N ⊗ M ⊗n−1 , which are both trivial and simple and therefore isomorphic to 1. This implies M ≃ N, so X is a multiple of M. Now let X be a simple object of rad C (D). There exists n > 0 such that F (X) ⊗n is trivial, and by the Lemma, F (X) is a multiple of an invertible object ofC, so X belongs to E. Thus, rad C (D) ⊂ E.
Now if X be a simple object of D co , then F (X) ⊗ F (X) * is trivial. If M, N are two simple factors of F (X), M ⊗ N * is trivial, which implies that M = N is invertible, and X lies in Λ E . Thus D co ⊂ E.
Conversely, let X be a simple object of E. We have F (X) = M m , with M invertible. By the lemma, there exists n > 0 such that F (X) ⊗m is trivial, so X ⊗m belongs to D, and X belongs to rad C (D). Also, F (X ⊗ X * ) is trivial, so X ⊗ X * belongs to D, and X belongs to D co . Thus, rad C (D) = D co = E.
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